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We prove the following conjecture of J. D. Dixon: The probability thar a pair of 
random permutations generates either A, or S, is 1 - l/n + O(n-‘). The proof is 
based on an (n!)-‘+O”) upper bound on the probability that a random pair of per- 
mutations generates a primitive group other than A, or S,. The proof depends on 
consequences of the classification of finite simple groups. 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
Dixon [Di] considered the probability pn of the event that a pair of ran- 
dom permutations of a set of n elements (chosen with uniform probability 
from the (n!)’ cases) generates the alternating group A, or the symmetric 
group S,. He proved that this probability tends to 1 as n + co. More 
precisely, he proved that 
pn > 1 - 2/(ln In n)*. 
(We use In to denote natural logarithms and log to denote base 2 
logarithms.) Bovey and Williamson [SW] improved Dixon’s estimate to 
pn > 1 - exp( - Jln n). 
Dixon proved the following intermediate result. (For an alternative proof, 
see Section 3.) 
LEMMA 1.1 (Dixon [Di, Lemma 1 I). The probability that a random 
pair of permutations generates a transitive group is 1 - l/n + O(n-*). 
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Dixon also proved that the same estimate holds for generating a 
primitive group. He then went on to conjecture that this will be the correct 
estimate for p,. We prove Dixon’s conjecture. 
THEOREM 1.2. The probability that a pair of random permutations 
generates either A, or S, is 1 - l/n + O(nP2). 
This result is a combination of Lemma 1.1 and of the following two, 
more accurate estimates. 
LEMMA 1.3 (Dixon [Di, Lemma 21). The probability that a pair of 
random permutations generates a transitive, imprimitive group is < n2-@. 
THEOREM 1.4. The probability that a pair of random permutations 
generates a primitive group other than A, or S, is less than nJ/n! (for 
large n). 
A further consequence of these results is a very high likelihood that the 
group generated by a pair of random permutations acts as A, or S, on a 
large subset of the permutation domain. 
THEOREM 1.5. For 0~ k<n/3, let E(n, k) denote the following event: 
a pair of random permutations of n elements generates a group which acts 
as A, or S, on r elements of the permutation domain for some r 2 n-k. 
Then Prob(E(n, k))= 1 - (k’Jl)-l + O((,:,)-‘). (The implied constant is 
absolute.) 
Note that the case k = 0 of this result is Theorem 1.2. 
Remark 1. While the proofs of Dixon and Bovey and Williamson are 
elementary, the proof of Theorem 1.4 rests on consequences of the 
classification of the finite simple groups. It would be desirable to find an 
elementary proof of Theorem 1.2. In an attempt of such a proof, the 
following elementary estimate may come handy: 
The order of any primitive group of degree n other than A,, or S, is 
less than exp(4 & ln2n) [Bal, Ba2]. 
Remark 2. We mention that in a recent manuscript [Di2], Dixon 
considers the stronger condition that a sequence xi, . . . . x, E S, invariably 
generates S,. This means that every sequence y,, . . . . y, E S,, where yi 
and xi are conjugate in S,, must generate S,. Dixon shows that random 
sequences of length r = O((log n)‘12) will satisfy this condition. 
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2. THE PROOF OF THEOREM 1.4. 
The following fact is a consequence of the classification of the finite 
simple groups. 
FACT 2.1. The number of simple groups of order <m is O(m/log m). 
Recall that a group is characteristically simple if it is the product of 
isomorphic simple groups. 
COROLLARV 2.2. The number of characteristically simple groups of order 
<m is O(m/log m). 
We continue with some rather crude estimates. 
PROPOSITION 2.3. The number of subgroups of a group of order m is 
< ml”gm. 
ProoJ Every subgroup can be generated by d log m elements. [ 
Two permutation groups G and H acting on the sets A and B, respec- 
tively, are equivalent if there exists a bijection /I: A + B such that 
B-‘Gb= H. 
COROLLARY 2.4. The number of inequivalent characteristically simple 
transitive permutation groups of order < m is < O(m’ + log m ). 
Proof A transitive representation of a permutation group is determined 
by the stabilizer subgroup. So the product of the last two upper bounds is 
an appropriate upper bound. 1 
We call a primitive subgroup of S, maximal if it is maximal (with respect 
to inclusion) among the primitive groups other than S, and A,. For 
typographical convenience, we use exp,u to denote 2”. 
LEMMA 2.5. The number of inequivalent maximal primitive groups of 
degree n is less than exp,((log4n)( 1 + o( 1))). 
Proof. Let M be a maximal primitive group of degree n. 
Case 1. Let B(k, r) denote the set of r-subsets of a k-set (r < k/2); and 
A(k, r, s) the s-fold Cartesian power of B(k, r). There is a natural way in 
which the wreath product Sk wr S, acts on A(k, r, s). First we consider the 
case when M is an instance of this situation. Now, n = (r)“; consequently 
rs < 2 log n and therefore the number of possible choices of the parameters 
is < 4 log n, negligible. The parameters determine M up to equivalence. 
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Case 2. In all the remaining cases, IA41 <exp,((log* n)(l + o( 1))) by 
[Ca, Theorem 6.11. (This result, proved by Cameron via a bound of 
Kantor on the index of subgroups in primitive linear groups [Ka], 
depends on detailed knowledge of the classification of finite simple groups.) 
Let N be a minimal normal subgroup of M. Now, A4 is the normalizer in 
S, of N and is therefore uniquely determined by N. On the other hand, N is 
characteristically simple. Thus, an application of Corollary 2.4 completes 
the proof. 1 
PROPOSITION 2.6. Let M be a permutation group of degree n. The 
number of subgroups of S,, equivalent to M, is < n!/JMI. 
Proof: The number in question is the index of the normalizer of M 
in S,. 1 
PROPOSITION 2.7. Let M be a permutation group of degree n. The 
probability that the random permutations (r,, ,.., uk generate a subgroup of a 
group, equivalent to M, is < (IMlfr~!)~-‘. 
Proof: The probability that o,, . . . . (T&EM is (IMl/n!)k. Multiply this 
number by the bound stated in the previous proposition. 1 
Proof of Theorem 1.4. By Proposition 2.7, the probability that 0, r 
generate a primitive group other than A, or S, is <C IMl/n! where the 
summation is taken over all inequivalent maximal primitive permutation 
groups. By [Ca, Theorem 6.11, the order of the largest such group is 
< 2(CJ;;l!)2; all others have order <nm. (The 2([&]!)* bound is 
attained when n is a square by M = S, wr S2, acting on n = v* elements.) 
Consequently, by Lemma 2.5, the above sum is less than 
(l/n!)(2( [&I!)‘+ nJ7;;7IT exp2((log4 n)( 1 + o( 1)))) <n&/n! 
for large n. 1 
Theorem 1.4 and Dixon’s quoted results (Lemmas 1.1 and 1.3) clearly 
imply Theorem 1.2. 1 
It may be of interest to state what happens if several random per- 
mutations are chosen independently. 
THEOREM 2.8. For large n and arbitrary k> 2, the probability that k 
random permutations generate a primitive group other than A, or S, is less 
than (nJ/n!)k-l. 
The proof is the same as the proof of Theorem 1.4, with the obvious 
modifications. 
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3. THE PROOF OF THEOREM 1.5 
Let D = { 1, . . . . n} be the permutation domain, O, r two random per- 
mutations, and G the group they generate. For a subset A ED, let Z(A) 
denote the event that A is invariant under G. Clearly, Z(A) = Z(D - A). For 
IAl =r we have 
0 
-2 
Prob(Z(A))= : . (*) 
We note that this observation yields a fast alternative proof of Lemma 1.1. 
Indeed, the event that G is intransitive implies that Z(A) holds for some A, 




= l/n + O(K2). 
1 $ r <n/2 r 
As to the upper bound part of Lemma 1.1, it is trivial to verify that the 
probability that G has a fixed point is l/n + O(n-*). 
LEMMA 3.1. For large n, the probability that the largest orbit of G has 
< 2nf3 elements is less than C P-n where C = 1.889881. 
Proof: The event in question implies that Z(A) holds for some A of size 





n/3 c I < n/2 r 
(The value of C is (y)‘j3, rounded down.) 1 
LEMMA 3.2. For large n, the probability that G acts on its largest orbit as 
the alternating or the symmetric group on that orbit is > 1 - n2-“16. 
Proof. First of all, the largest orbit is unique and has size r > 2n/3 with 
probability > 1 - C--n by the previous lemma. If we fix a set A, 
r := IAl > 2n/3 then the conditional probability that under condition 
Z(A), the restriction of G to A is transitive and imprimitive, is 
< r2-‘14 6 (2/3) n2-“j6 by Lemma 1.3. (Note that under the condition Z(A), 
the restrictions D( A and rI A are independent uniformly distributed 
permutations of A.) Again under Z(A), the probability that the restriction 
of G to A is primitive but not symmetric or alternating, is < 2-” by 
Theorem 1.4. Let J(A) denote the event that Z(A) and one of the two events 
last discussed occurs. Now, the probability that the event described in 
Lemma 3.2 fails is less than 
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C P-n + C Prob(J(A) ) Z(A)) Prob(Z(A)) 
IAl > 2n/3 
< C-” + (2-” + (2/3) n2-“16) 1 Prob(Z(A)). 
IA1 Z 2n/3 
The rightmost sum is 1 + O( l/n) by (*), thus (for large n) the upper bound 
n2-“16 follows. 1 
LEMMA 3.3. The probability that the size of the largest orbit of G is less 
than n-k (O<k<n/3) is 
(k:l)l+‘((k:Z)i)’ 
Proof: The probability in question is (by Lemma 3.1) less than 
c-“+ 1 Prob(Z(A)) 
n-k>lAl>Zn/3 
=(k:l)-lfo((k:2)-‘)’ 
The lower bound part follows by taking JA 1 = k + 1 and using Lemma 1.1. [ 
Finally, Lemmas 3.2 and 3.3 combined yields Theorem 1.5. i 
REFERENCES 
[Ball L. BABAI, On the order of uniprimitive permutation groups, Ann. of Math. 113 (1981), 
553-568. 
[Ba2] L. BABAI, On the order of doubly transitive permutation groups, Invent. Mafh. 65 
(1982). 473484. 
[SW] J. BOVEY AND A. WILLIAMSON, The probability of generating the symmetric group, 
Bull. London Math. Sot. 10 (1978), 91-96. 
[Cal P. J. CAMERON, Finite permutation groups and finite simple groups, Bull. London 
Math. Sot. 13 (19811, l-22. 
[Di] J. D. DIXON, The probability of generating the symmetric group, Math. Z. 110 (1969), 
199-205. 
[Di2] J. D. DIXON, Random sets which invariably generate the symmetric group, 
manuscript. 
[Ka] W. M. KANTOR, Permutation representations of the linite classical groups of small 
degree or rank, J. Algebra 60 (1979), 158-168. 
[Wi] H. WIELANDT, “Finite Permutation Groups,” Academic Press, New York, 1964. 
